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Frequency spectra of turbulent thermal convection with uniform rotation
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The frequency spectra of the entropy and kinetic energy along with the power spectrum of the ther-
mal flux are computed from direct numerical simulations for turbulent Rayleigh-Be´nard convection
with uniform rotation about a vertical axis in low-Prandtl-number fluids (Pr < 0.6). Simulations
are done for convective Rossby numbers Ro ≥ 0.2. The temporal fluctuations of these global quan-
tities show two scaling regimes: (i) ω−2 at higher frequencies for all values of Ro and (ii) ω−γ1 at
intermediate frequencies with γ1 ≈ 4 for Ro > 1, while 4 < γ1 < 6.6 for 0.2 ≤ Ro < 1.
PACS numbers: 47.27.te, 47.27.ek, 47.27.er
In the Kolmogorov picture (K41) of homogeneous
isotropic turbulence, kinetic energy is dissipated at short
length scales (large wave numbers k) by viscosity. For
a statistically steady state to be obtained, the kinetic
energy is injected at large length scales at a constant
rate which is also the dissipation rate. Far away from ei-
ther end is the inertial range through which the nonlinear
terms of the Navier-Stokes equation transfer the energy
from one scale to another at a constant rate ǫK = dK/dt,
where K =
∫
E(k)dk =
∫
dkdωCK(k, ω) is the kinetic
energy per unit mass and CK(k, ω) is the wave number k
and frequency ω dependent velocity correlation function.
The object ǫK is thus the kinetic energy flux. In the in-
ertial range, E(k) is dependent only on wave number k
and ǫK . A dimensional analysis leads to E(k) ∼ k−5/3 [1]
(K41). In general, E(k) = 4πk2
∫
CK(k, ω)dω ∝ k−α.
Scaling implies CK(k, ω) = k
−2−α−ζf(ω/kζ), where kζ
is a characteristic frequency. A dimensional argument
yields the exponent ζ = 2/3 in K41.
In convective turbulence [2, 3], one expects that there
will be a regime where temperature fluctuations δT ,
rather than velocity fluctuations v, will control the spec-
trum. It was shown by L’vov [4] that for small temper-
ature fluctuations, the expansion of the mean convective
entropy Φ ∝
∫
(δT )2dr, where r is the space variable. The
entropy will be conserved in the absence of thermal diffu-
sion and forcing. In the so called Bolgiano-Obukhov [5]
picture (BO) in the corresponding inertial range, E(k) is
determined by k and the rate of dissipation of the entropy
ǫΦ = dΦ/dt which is equal to the flux of the convective
entropy through different scales. HereE(k) is determined
by k, ǫΦ and α0g, where α0 is the thermal expansion co-
efficient. One gets E(k) ∼ k−11/5, which gives α = 11/5
in this case. The corresponding ζ is known to be 2/5.
There will be a convective entropy spectrum EΦ(k) as
well defined by Φ =
∫
EΦ(k)dk. Dimensional analysis
establishes that the entropy spectrum EΦ(k) ∼ k−7/5.
In any realistic situation K41 [E(k) ∼ k−5/3] and BO
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[E(k) ∼ k−11/5] will both be present with K41 holding
at high wave numbers and BO at smaller ones. The two
exponents are quite close to each other and attempts to
go to small enough k to get into the BO regime has been
thwarted by the system size. Consequently, we decided
to explore the spectra in frequency space instead.
The frequency spectra E(ω) for the kinetic energy
and EΦ(ω) for the convective entropy are defined as:
K =
∫
E(ω)dω and Φ =
∫
EΦ(ω)dω. In terms of correla-
tion functions E(ω) = 4π
∫
k2CK(k, ω)dk and EΦ(ω) =
4π
∫
k2CΦ(k, ω)dk. Insertion of the scaling form for CK
shows E(ω) ∼ ω−2 for K41 and ω−4 for BO. On the
other hand the scaling form for CΦ shows EΦ(ω) ∼ ω−2
for BO and ω−4 for K41. In reality E(ω) and EΦ(ω) get
contributions from both K41 and BO, and to the lowest
order we find that the two contributions add. The rela-
tive contributions of K41 and BO for E and EΦ are of a
similar form, with BO a weaker contribution. We write
E(ω) ≈ ω−2+c0ω2oω−4, where c0 < 1 for a weak BO con-
tribution, while ωo depends on system parameters. For
the convective entropy, EΦ(ω) ≈ c0ω−2 + ω2oω−4. For
E(ω), the crossover frequency is ωK = ωo
√
c0 and for
EΦ(ω) it is ωΦ = ωo/
√
c0. Since c0 < 1, the crossover
should occur earlier for E(ω). The dependence of c0 on
the rotation rate cannot be predicted.
We present the results of direct numerical simulations
(DNS) on the frequency spectra of the convective en-
tropy EΦ(ω) and the kinetic energy E(ω) along with the
power spectrum of the heat flux PNu(ω) for low-Prandtl-
number Rayleigh-Be´nard convection (Pr < 0.6) with uni-
form rotation about the vertical axis. Simulations are
done for a wide range of the convective Rossby number
Ro =
√
Ra/(TaPr) (0.2 ≤ Ro <∞). The power spectra
of all the three quantities show two scaling regimes: The
spectra scale with frequency ω as ω−γ1 at intermediate
frequencies and as ω−2 at higher frequencies. The scal-
ing exponent γ1 depends on Ro, Ra and Pr. It is found
that 3.0 < γ1 < 4.4 for Ro > 1 and 4.0 < γ1 < 6.6 for
0.2 ≤ Ro < 1. There is no scaling behavior observed at
lower frequencies.
We consider thermal convection in a thin horizontal
layer of fluid of thickness d, kinematic viscosity ν, ther-
mal diffusivity κ, and rotating uniformly about a ver-
2TABLE I: List of the convective Rossby number Ro =
√
Ra/(TaPr), the Prandtl number Pr, the reduced Rayleigh number
r = Ra/Ra◦(Ta,Pr), the Rayleigh number Ra, and the scaling exponents γ1 at intermediate frequencies and γ2 at higher
frequencies for the power spectra of three global quantities: the entropy, the kinetic energy, and the Nusselt number.
Ro Pr r Ra γΦ1 γ
Φ
2 γ1 γ2 γ
Nu
1 γ
Nu
2
0.20 0.1 5 4.03 × 106 6.01 ± 0.27 1.97 6.30 ± 0.24 1.97 5.86± 0.27 1.98
0.30 0.1 5 8.97 × 105 6.33 ± 0.26 1.98 6.20 ± 0.17 1.97 6.24± 0.11 1.97
0.42 0.1 10 1.79 × 106 4.66 ± 0.12 1.97 4.54 ± 0.18 1.98 4.63± 0.12 1.97
0.52 0.5 10 1.33 × 107 4.31 ± 0.14 1.97 4.36 ± 0.11 1.98 4.33± 0.09 1.97
0.73 0.1 30 5.38 × 106 4.06 ± 0.13 1.97 4.28 ± 0.10 1.97 3.87± 0.10 1.98
1.34 0.1 100 1.79 × 107 3.67 ± 0.12 1.97 3.96 ± 0.19 1.97 3.67± 0.09 1.97
3.27 0.1 100 1.07 × 106 4.12 ± 0.09 1.96 4.25 ± 0.13 1.97 3.83± 0.06 1.97
7.70 0.5 100 8.90 × 105 3.48 ± 0.11 1.97 3.66 ± 0.17 1.96 3.66± 0.09 1.96
10.26 0.5 100 5.26 × 105 3.95 ± 0.15 1.97 3.97 ± 0.13 1.97 4.12± 0.10 1.96
23.13 0.1 5000 5.35 × 107 3.60 ± 0.10 1.97 3.84 ± 0.19 1.97 3.70± 0.07 1.97
42.19 0.5 3000 2.67 × 107 3.89 ± 0.11 1.97 4.25 ± 0.12 1.97 3.77± 0.02 1.97
56.21 0.5 3000 1.58 × 107 4.01 ± 0.11 1.97 3.38 ± 0.15 1.97 3.62± 0.05 1.96
72.66 0.1 3000 5.28 × 106 4.08 ± 0.16 1.97 3.26 ± 0.20 1.97 3.82± 0.06 1.96
∞ 0.1 3000 2.00 × 106 4.13 ± 0.17 1.97 3.62 ± 0.14 1.97 4.11± 0.08 1.97
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FIG. 1: (Color online) Frequency spectra EΦ(ω) of the spatially averaged convective entropy computed from DNS for different
values of Ro (curves of different colors). The spectra show two scaling regimes: (i) EΦ(ω) scales as ∼ ω
−γ
Φ
1 at the moderate
frequencies, with the exponent γΦ1 showing a weak dependence on Ro for Ro > 1 (3.37 ≤ γ1 ≤ 4.30), and a strong dependence
on Ro for Ro < 1 (3.93 ≤ γ1 ≤ 6.59). (ii) EΦ(ω) scales with ω as ∼ ω
−γ
Φ
2 with γΦ2 ∼ 2 at higher frequencies for all values of Ta,
Pr, and Ro considered here. The upper and lower black straight lines show the scaling behavior as ω−4 and ω−2, respectively.
The inset shows the variation of the exponent γΦ1 with Ro.
tical axis with angular velocity Ω. A temperature dif-
ference of ∆T is imposed across the fluid layer. The
convective dynamics is controlled by three dimensionless
numbers that control the convective flow dynamics: the
Rayleigh number Ra = α0∆Tgd
3/(νκ), the Taylor num-
ber Ta = 4Ω2d4/ν2, and the Prandtl number Pr = ν/κ.
We consider thermally conducting and stress-free condi-
tions on the top and bottom boundaries. This leads to
310-3 10-1 101 103
10-14
10-9
10-4
101
0 2 4 6 8 10
3
4
5
6
7
-2
-4
 
 
E(
)
Ro = 0.20  
         0.30  
         0.42  
         0.52  
         0.73  
         1.34  
         3.27  
         7.70  
       10.26  
       23.14  
       42.19  
       56.21  
       72.66  
                
 
 
1
Ro
FIG. 2: (Color online) Frequency spectra E(ω) of the spatially averaged kinetic energy, as computed from DNS, for the several
values of the Rossby number 0.2 ≤ Ro < ∞: E(ω) scales with ω as ω−γ1 at moderate frequencies with 3.06 ≤ γ1 ≤ 6.54 and
E(ω) scales with ω as ω−γ2 with γ2 ∼ 2. The exponent γ2 is found to be independent of Ta, Pr, and Ro. The upper and lower
black lines stand for the scaling behaviors ω−4 and ω−2, respectively. The inset displays the variation of γ1 with Ro.
the boundary conditions: ∂zv1 = ∂zv2 = v3 = θ = 0
at z = 0 and z = d. The boundary conditions in the
horizontal direction are considered to be periodic. We
then numerically integrate the dimensionless hydrody-
namic system using pseudo spectral method (see for de-
tails [6]). We use long signals for more than 150 di-
mensionless time units with grid resolutions of 2563 for
this purpose. The data points from the computed signals
are recorded at equal time steps of 0.001 to determine fre-
quency spectra. A time-dependent convection appears at
onset as Ra is raised above a critical value Ra◦(Ta,Pr)
for the values of Ta and Pr considered here. The flow
becomes unsteady even at smaller values of the reduced
Rayleigh number r = Ra/Ra◦(Ta,Pr) > 5 for Pr < 0.6.
Figure 1 displays the frequency spectrum of the en-
tropy of the turbulent flow EΦ(ω), which scales with ω
approximately as ω−γ
Φ
1 with 3.4 ≤ γΦ
1
≤ 6.6 at inter-
mediate values of the dimensionless frequencies (0.07 <
ω/(2π) < 0.70). The scaling exponent γΦ
1
shows a rela-
tively weak dependence on Ro, Pr, Ta and r at intermedi-
ate frequencies for Ro > 1. The value of γΦ
1
obtained here
is in good agreement with the scaling exponent observed
in an experiment without rotation by Cioni et al. [7] for
turbulent convection in a very low-Prandtl-number fluid.
The exponent γΦ
1
increases sharply as Ro decreases (see
the inset in Fig. 1) for Ro < 1. The exponent γΦ1 varies
between 4 and 6.6 for 0.2 ≤ Ro < 1. The unsteady
convection at smaller values of Ro (typically, r < 50) is
unlikely to be in a statistical steady state. This makes
the exponent γΦ
1
non-universal for flows at Ro < 1. The
spectrum shows a different scaling at higher frequencies
(0.7 ≤ ω/(2π) ≤ 200). EΦ(ω) clearly scales with ω as
ω−γ
Φ
2 with 1.96 ≤ γΦ
2
≤ 1.98. The power spectra of
the temperature fluctuations showing ω−2 behavior was
clearly observed in experiments by Boubnov and Golit-
syn [8]. The scaling extends for almost two decades, and
it is independent of Ro, Pr, Ta and r at higher frequen-
cies. Zhou and Xia [9] [see Fig. 1 (b) therein] observed
EΦ(ω) ∼ ω−2 at higher values of Ra in the absence of ro-
tation. The exponents γΦ1 and γ
Φ
2 extracted by fitting the
data for entropy spectra obtained from DNS are listed in
Table I for several values of Ro, Pr, and r.
Figure 2 displays the frequency spectrum of the en-
ergy E(ω) for different values of Ro. The E(ω) also
shows two scaling regimes. It scales with ω as ω−γ1 with
3.06 ≤ γ1 ≤ 6.54 at intermediate frequencies. The scal-
ing exponent γ1 shows a weak dependence on Ro, Pr, Ta
and r for Ro > 1. Like γΦ
1
, γ1 increases sharply with a
decrease in Ro for Ro < 1 (Fig. 2, inset). The energy
power spectrum shows very clear scaling at higher fre-
quencies. E(ω) scales with ω as ω−γ2 with γ2 ∼ 2. The
scaling exponent γ2, which is independent of Ro, Pr, Ta,
and r, extends for more than two decades in ω. The re-
sults of the best fit for γ1 and γ2 are listed in the seventh
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FIG. 3: (Color online) Power spectra of temporal fluctuations of the heat flux (Nusselt number Nu), as computed from DNS, for
different values of Ro. The power spectrum PNu(ω) shows two scaling regimes: PNu(ω) scales as ω
−γ
Nu
1 with 3.57 ≤ γNu1 ≤ 6.35
at intermediate frequencies and ω−γ
Nu
2 with γNu2 ∼ 2 at higher frequencies. The inset shows the variation of γ
Nu
1 with Ro.
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FIG. 4: (Color online) (a) Mean energy K˜ and (b) Nus-
selt number Nu scale with Taylor number Ta as Ta−0.19 and
Ta0.13, respectively.
and eighth columns of Table I. A comparison of crossover
frequencies shows that ωK < ωΦ, as had been anticipated
for Ro→∞. There is a weak dependence of c0 on Ro.
We have also computed the power spectrum of the heat
flux (Nu) across the fluid layer. The power spectrum
PNu(ω) also shows two scaling regimes (Fig. 3). It scales
with ω as ω−γ
Nu
1 with 3.57 < γNu1 < 6.35 at interme-
diate frequencies, and it scales as ω−γ
Nu
2 with γNu
2
∼ 2
at high frequencies. The experiments by Aumaˆıtre and
Fauve [10] showed that the power spectra of the temporal
fluctuations of the heat flux scaled as ∼ ω−2 in the cen-
tral part of the Rayleigh-Be´nard cell and as ∼ ω−4 near
the boundaries in the absence of rotation. The results of
the best fit are listed in the ninth and the tenth columns
of Table I. The exponent γNu
1
increases as Ro decreases
for Ro < 1 (Fig. 3, inset), as in the case of frequency
spectra of the entropy and energy. The flow is far away
from fully developed turbulence. We do not have an an-
swer based on dimensional analysis for scaling exponents
of the power spectrum of Nu.
Variations of the time averaged energy K˜ and Nu with
Ta are shown in Fig. 4 for different values of Pr and r.
The time averaged energy K˜ varies with Ta ∼ Ta−0.2 for
fixed values of Pr and r. It is consistent with the scaling
used for the simulations. The dimensionless energy K˜ =
Kd2/(νκRa) = Kd2/[νκrRac(Ta)] decreases with Ta as
Rac(Ta) increases with Ta for a fixed values of r. The
Nusselt number, on the other hand, varies with Ta as
Ta0.13 for fixed values of r and Pr. This is also consistent,
as Ra has to be increased with increasing Ta at a fixed
value of r. This leads to an increase in Nu with Ta.
We have presented the scaling properties of the fre-
5quency spectra of convective entropy and kinetic energy
along with the power spectrum of the heat flux for the
turbulent flow in low-Prandtl-number Rayleigh-Be´nard
convection with uniform rotation. The spectra show two
very different scaling regimes: ω−γ1 at moderate frequen-
cies and ω−γ2 at relatively higher frequencies. The scal-
ing exponent γ1 at moderate frequencies shows a weak
dependence on Ro for Ro > 1 with γ1 ∼ 4, but shows
a strong dependence on Ro for Ro < 1. The scaling ex-
ponent γ2 ≈ 2 at higher frequencies is independent of
Ro. The frequency spectra of global quantities rather
than local ones appear to make both the Kolmogorov
and Bolgiano-like regimes more accessible.
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